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Y Radiometry: Physically Measuring Light

¥ Interaction of light with objects much larger than its wavelength

¥ Geometric optics suf! ces for most cases in computer graphics

¥ No interference, no dispersion, etc.

¥ Advantages:
¥ Linearity: effect(light 1 + light 2) = effect(light 1) + effect(light 2)
¥ Energy conservation

¥ No polarization

¥ Lights of different wavelengths are independent of each other (no "uorescence)

¥
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Y Four Radiometric Quantities

¥ Flux: how much energy " ows from/to/through a surface per unit of time
¥ Think of it as "photons per second"
¥ Symbol: ! , units = Watt
¥ Example light bulb: surface = sphere around light bulb

¥ Radius doesn't matter: #photons crossing the boundary of the sphere is the same

¥ Example table surface: doesn't matter where photons come from
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¥ Irradiance: energy density =" ux per area

d!

E:d—A

¥ Example: 50 Watts incident on table surface of 2m2
-> each point on the table surface receives irradiance
of 25 Watt/m 2

¥ Lambert's law: irradiances on surfaces are related by
the cos(!) factor
d! d! d! cos!

g = & =L = %08 _ g
17 A 2= 9A - T aA 1€0S

since A' = Acosd!

G. Zachmann Advanced Computer Graphics SS June 2023

Physically-Based Lighting

..

e

ueenenn.
e .

n
(4]

VR =



Bremen

Y

¥ Exitance(a.k.a. exiting irradiance, radiosity ). same
thing as irradiance, except for light leaving a surface

wod o d B
! ~ cos!ldA  cos!

CdA'
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Y solid Angles

¥ Generalization of anglesto 3D:

¥ Analog: subtended angle of an object in 2D =
length of arc of its projection on the unit circle

¥ Units = radians (rad), range =[0,2" ]

¥ Subtended solid angle of an object in 3D = area of
Its projection on the unit sphere

¥ Units = steradians (sr), range = [0,4" ]

¥ Solid angle = area on the unit sphere

¥ Notation: .
| cos! sin
¥ # = direction = unit vector = sin! §§n"$
COos

¥ d# = in! nitesimal solid angle in direction #

¥ Sometimes, # is used to denote a solid angle, too
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w Note on the Side: How to Make a Change of Variables in Integrations

¥ When evaluating integrals over the
hemisphere, #, we could use the solid angle
directly, or polar angles instead

¥ Polar angles:! ! [0,2'] ' ! [0,"/ 2
where ! = 0O points upwards

¥ Consider a square solid angle, d# :
d! = widthéneigh
=(sin!&")a!

¥ Therefore,

.d!

! 0 0

Iy 2+ 2

...sin(") d# d"
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¥ Intensity: " ux over solid angles
d!

S od

¥ Think "number of photons sent into a small
solid angle around direction #"

¥ Only meaningful for a outgoing light /
emanating from a single pont x, or light dA

coming in from d # and converging in point X

¥ Like irradiance, it is a density, but a different
kind of energy density!
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¥ Radiance "how much power arrives at (or leaves from) £
a specl c point on a surface, per unit solid angle, and
per unit projected area"

| =

e

d?! dAL
d' dA

¥ Think: "limit of incident light at the surface as a cone of

dA
Incident directions, d " , becomes very small, and as the

local area on the surface, dA, also becomes very small”
¥ Think: combination of 2 densities, irradiance and intensity

¥ Think: a neuron on the retina, or a pixel on a CCD chip
Inside a camera, measuresradiance (at a speci ¢ small
area, arriving from a speci! ¢ small cone)
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Simple Properties and Relationships of Radiance

¥ Relationships between L, E, I:
| = d?' _ dE _ i
~d dA’  d dA
d!
cos! dAd" ——

¥ Notes:

¥ Lis a 5-dimensional function L(p, #)

¥ Radiance is dé ned both for incoming, Li(p, #), as well asoutgoing light, Lo(p, #) !
¥ Direction # always points away from point p

¥ For incoming light ( L): cos! = nd , for outgoing light (Ly): cos! = na
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Important Property: Radiance is Invariant Along Straight Paths

¥ Arguably the most important property

¥ Consider light that travels from point p to point g
(without any participating media)

¥ Exiting radiance
d2| !p '#pq
Lo(! pg) = & 1
o(! pa) cos', dA, d! ,q & d‘vi

¥ Incident radiance
L (! qp) -

2]
d . qp

. (2)
cos'q dAq d! ¢p

¥ No light is lost along the path (i.e., we assume vacuum), therefore

d?! pq =d?! gp (3)
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¥ Solve (1) and (2) for d2! and plug into (3):

Lo(! pgq) cOS"p dA, d! pq = Li(! gp) COS" dAG d! ¢p (4)
¥ Compute d! pq = erZ! = COS!rqszq , and similarlyd! 4, , and plug into (4)
¥ Thus,
cos'q dA cos', dA
Lo(! pq) COS"p dA, —— 35— = Li(! gp) COS"q dAg — 5—
¥ And, hence,
Lo(! pg) = Li(! gp)

¥ Thus, radiances are the physically correct guantities to exchandaetween points!
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U Reasons for Radiance g

¥ Eyes / cameras measure radiance
¥ Radiance is invariant w.r.t. distance
¥ Therefore, physically-correct lighting must compute radiances

¥
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Y Determining Useful Quantities from Radiance

¥ Computing the total irradiance at a point on a surface:

¥ Irradiance from a speci! ¢ direction:

d?t (1) d (1)
Li(!) = Li(! )cos" d! = = E(!
¥ Needs to be integrated over all directions to obtain the total "brightness" (Watt/m
E d | L (! d!
= — = i(! )cos" d

where ! is the hemisphere centered on the normal in point p
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¥ Irradiance at a point p arriving from a distant surface A:
¥ From the de! nition of radiance:
dE = Lcod!; d"

¥ Integrating leads to:

E = L(!i,"i)COS!id#

1!

¥ However, this would need to be integrated over
that part of $ where A is visible 2 $',
which is cumbersome

¥ Trick: replace d" by d! = COS"oé‘?—é\

¥ Thus, E

1
L(!)cos" Cos"or—2 dA
A
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¥ Total " ux (power) emitted from a surface:
¥ Consider the outgoing radiance from a surface A
dt (1)
cos' dAd!

Lo(!) = Lo,(! )cos" dAd! =d?! (1)

¥ Note that ! is one of the polar angles of #, and cos! = n& , wherev points in
the direction of #

¥ Integrating over all directions and the whole surface yields

o = Lo(! )cos" d! dA

A

¥ Except: we don't know L, ... (yet)
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¥ Consider area light source A= 10x10 cm?2

¥ Assume, all points on A have radiance L,(! ,") = 6000 cos' sr\gr/nZ
¥ Exiting power of the light source:
| = L,cos! d' dA = 6000 cos! d" dA
A A
: Pool iy 2 | : l CO§ w2
= 6000 cog!sin! d' d' dA = 60002 a dA
A 0 0 A 3 0

= 6000&2! a%%a()lmaﬂlm I 125W
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Y The BRDF: Interaction of Light with Surfaces g

¥ Given some light shining on point p on a surface, coming in from direction #;i,
how much light exits that point into another direction #, ?

¥ Assumptions:
surface

¥ Light does not change wavelength N normal
/

AYS
w N

¥ Ré€'ection / scattering is instantaneous

¥ Light does not travel inside the material
(no subsurface scattering)

¥ Question: how much radiance is
exiting in direction #,, as a result

of incident radiance coming from direction #;?
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W Del nition of BRDE

¥ lrradiance at point p depends on incident radiance, Li:
dE(' i) = L|(| i)COS"i d!
¥ Some of that irradiance gets scattered into direction #,, leading to exiting
radiance Lo
¥ By the linearity assumption: dLo(! o) ! dE(!;)

¥ The proportionality factor is de ! ned as the Bidirectional R€e' ectance
Distribution Function (BRDF)

dlo(" o) _ dio(! o)
dE(";)  Li(";)cos";d!

!(no,ni) =
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@ Note on Notations of the BRDF Function

53

¥ The BRDF function is a 4D function:
! (" 0 ! I) — l (#O’$O1'#-i1$i)

¥ Assumes that" is constant over the surface

IS written In terms of vectors:
L =1(1,v)

¥ In practice, this version is preferred,
since cos(angle) = scalar product of vectors

¥ Sometimes,

G. Zachmann Advanced Computer Graphics 5SS June 2023 Physically-Based Lighting 20



U Properties of the BRDF

¥ Reciprocity (Helmholtz):
(" 0) = (M on ") ‘

¥ In general, the BRDF isanisotropic

¥ Examples: brushed metal, hair, satin, ...

¥ For many materials, though, it is isotropic
¥ Consequence, ! = 1 ("i,"o, #dit )

¥ Positivity: 1 I QO everywhere
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The Ré€ ectance Equation

¥ Computing the outgoing radiance
¥ Solve de! nition of BRDF for Lo:
dlo(! o) = "(! o, ! )Li(! i) cosH d!

¥ Integrate over all incoming directions:
L('o)=  "(Yo,!1)Li(! i) cos# d! ;
!
¥ In practice, we sample into "all" possible directions #;i:

¥ Many different, clever methods to choose the "best" sampling directions (Monte
Carlo, variance reduction, importance-based sampling)

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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¥ Alternative "spelling" of the re " ectance equation:

L= (VA1) (nd)d",

¥ Note that the term cos!; = nd

G. Zachmann Advanced Computer Graphics
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Y  Another Property of BRDFs: Conservation of Energy

¥ No energy can be created

¥ (Also, it cannot be destroyed, but that is
usually modeled differently in CG)

¥ Incoming (incident) irradiance
from all directions:

E = L,(' i)COS"id! i

¥ Outgoing (exitant) irradiance in all dir's:

M = Lo(! o) cos"od! o = L("o,"i)Li(" ) cosH d"; cosH, d"
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¥ Because of conservation of energy, M ! E i.e.,% |
for all and any L (!)

¥ Note: % IS sometimes called "re" ectance"

¥ Meaning: how much of all incoming light (from all directions) is re " ected
(scattered) into all directions

¥ Choose the special incoming radiance L;(! ;) = &"('i! b)
where &is the Dirac function

g,
7. CG
VR

(1)

.+l x=0
1) 0=0 X

¥ Important property:

fO)!(x! @)dx = f (&)

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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¥ With this special Li, the incoming irradiance becomes
E= BI(";,! B)cos#d'; = & cos?

where B; is coming in only from one singledirection b

¥ The outgoing irradiance becomes

M= 100" )BH" ! B)coss coskd d,

1 (" o, 8)8; cosfcost, d'

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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¥ Plugging (2) and (3) into (1) gives:

M, ("o, D)8 cosfcost, d'y, |
— . — I 1 ) 11} '
E 8 coh | L ("o, B)cost,d" o 1 1

¥ Remember that energy conservation holds for each and every L
¥ In total, we have the following necessary condition for BRDF's:
|

11 "(Vo,li)costdl " 1

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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Y Practical Computation of Lo in Case of lllumination with a Point Light "«

¥ Note: in real life, point lights never occur (except for stars)

¥ Assumption: the point light shines in all directions isotropically, with " ux !

¥ First: compute irradiance at A

¥ Irradiance at A' :

| |
A 4lr2

E =

¥ Irradiance on A (see side 4y A

.. .. |
E(D) = cos®& = cos®4d—

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting 28



Bremen

)

» e .

.9
n
(4]

v
&

<

=

i N NN NN N

¥ Start with de! nition of radiance (siide 10):

d?!
cos!; dA d" i

¥ Resolve to get dE (slide 4):

d!
I Lcos!;d"; = A =dE

¥ Use re' ectance equation and insert previous eq.:

Lo - ' Li COS"i d#i — ' dE(" i)
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¥ Since it's a point light source, we receive light from exactly one direction b
¥ So, use the "trick" with the Dirac delta function again

¥ Outgoing radiance can be written as:

o o cosP
o= 1" ! B)AE(H) = 1E(D) = ! !

(slide 28)
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Constructing Actual BRDF's

¥ Two types of re" ections: diffuse and specular
¥ Accordingly, a BRDF consist of

b= Tain T ! spec

¥ The diffuse term is simply the Lambert model:

Lain (1, V) = %Cbase

¥ Two types of materials: metallic and non-metallic
(aka. dielectric)

¥ Metallic: no diffuse term

¥ Non-metallic: diffuse term due to internal
scattering, but travel distance ! pixel size

G. Zachmann Advanced Computer Graphics SS June 2023
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W Constructing the Specular Term

¥ Usually based on the micro-facet theory:

¥ Even (apparently) smooth surfaces have
microscopic facets

¥ Each micro-facet acts like a small perfect mirror

¥ Macroscopic surface normal n = "average" of all
micro-facet normals, m

¥ Variance of all micro-facets around n depends on
(or determines) the roughness of the surface

1. For given | (#i) and v (#,), we are only

interested in micro-facets with m =h
" normal distribution function (NDF), D(h)

G. Zachmann Advanced Computer Graphics SS June 2023
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@ Visual Effect of the NDF (Roughness) kb
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¥ Shadowing and masking effects:

D)
b o 4
AR N N

¥ Other micro-facets, i.e. with m£ h, can
block either incoming light (shadowing)
or are invisible from the outgoing
direction (masking)

2. Model these effects by ageometry
function G(I,v, h)

¥ Tells the percentage of surface points
with m = h that are not shadowed or
masked, as a function of the light
direction | and the view direction v

¥ Interre" ections are (usually) ignored

G. Zachmann Advanced Computer Graphics SS June 2023
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¥ The Fresnel effect:

¥ Some percentage of light (F) gets
re" ected, the rest (1-F) penetrates the
surfaces

¥ For surfaces between perfectly
transparent materials, both incoming
lights add nicely up to 100%

¥ For semi-transparent or opaque
materials: some part of the "rest"
(1-F) gets absorbed, some part gets
re" ected as diffuse

¥ Probably best left to the artist
3. Modeled by the Fresnel function H!)

G. Zachmann Advanced Computer Graphics SS
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U The Micro-Facet BRDF as a Whole

¥ Just multiply all three terms (and normalize, so the conditions are met)

F(I,h)D(h)G(I, V)
4(nd))(n&)

L spedl, V) =

¥ Note: evaluate only, if nd ! C andnas! C
(otherwise, either light source, or outgoing direction is "below" surface)

¥ Observe: when denominator approaches 0, so does G
¥ Just check the dé nition of G

¥ Note: there are a lot of variants, this is just the bare concept

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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Y Approximation of the Fresnel Equation Bl

H!) for

unpolarized light

¥ Physically correct model
f X m

IS extremely complex
¥ Depends on wavelength l T /\

¥ Depends on polarization S {X] {

¥ Good approximation is m X N / »FZ/J‘ i [YJ < [M]

the one by Schlick: M /’

F(I,n= Fo+ (1! F)(! &)

¥ In micro-facet models: only micro-facets with
m=nand m= h= 2(l + V)

¥ So, in the micro-facet BRDF: R 7

F(I,h) = Fo+(1! Fo)1! 1&)° = -

Re" ectivity

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting 37
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W The Normal Distribution Function in Detail g

¥ Roughness is the parameter in any NDF,D, £
determining the variance of the micro-normals A
around the macroscopic normal 5

outgoing radiance
e L —

¥ Intuitive interpretation: D(h) = percentage of the
micro-surface M that has micro-normals m=h

¥ Important property: for any NDF D, the "sum" of o”
the area of the micro-facets, when p
projected on outgoing direction v, must "
equal the area of the macro-surface, \
projected on v

(va) =  D(m )(vém)d!
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Y Another Important Property

¥ The NDF allows us to switch from spatial integrals
over the surface to "statistical" integrals over the
hemisphere of normals #

¥ The Gaug map: maps every point on a surface to
its normal
G:p!M™#F m,! |

¥ Consider! ' # ! ; thisinduces
M'T M with M ={p" MIm(p)" ! ‘}
¥ The NDFD has (must have) the property (sketch of proof later):

dp = D(m)dm (*)

M! !

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting 40
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Nice consequences

¥ The area can be computed two ways:

AreaM) = dp = D(m)dm

M !

¥ Integrals over the surface can be converted into integrals over the
hemisphere:

f(mp)dp=  f(m)D(m)dm

M !

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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FYI: Sketch of Proof for Equation (*)

¥ LetM be the micro-surface, p a pointon M
¥ From differential geometry:
' (p) = lim A
P)= Al 0 A

where A = area of small patch around p $ M, shrinking smaller and smaller,

A'=GA)={m{p)|p! A} " ! (Gau§ map of A) is a small area on!

¥ For small A we can also write ! (p) = %=, or dA = 5 OA

¥ Replacing dA' (areaon! ) withd! , (solid angle),
we can replace mtegrals over mlcro surfaces by integrals over! :

‘ 1 dm
Mf(m(p))dA‘ f(m)l(p)

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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Y  Derivation of an NDF Bl

¥ Assumption: normals on M are distributed like on an ellipsoid

¥ General (implicit) equation of general ellipsoids:
f(p)= pATAp! 1=0
with A= RMg where R= rotation matrix, S= scaling

' x

¥ Simpli! cation: choose A = Ly

1
¥ 'yand 'y are kind of "roughness" params

=

¥ Note: the following is only a sketch of a derivation -
lots of steps/theorems in between, which are
rather deep results from differential geometry,
have been omitted (otherwise, much more time
would be needed in class)

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting 43



Bremen

Y

¥ From differential geometry: integrals over surfaces can be translated into

Integrals over the Gauss map, using the factor
1

b(m) = —m)

where " #= Gaussian curvature

(The "..." are normalization terms to maintain
conservation of energy, omitted here for clarity)

¥ Next goal: derive "#for our special surface (ellipsoid)

G. Zachmann Advanced Computer Graphics SS June 2023
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¥ More from differential geometry: implicit surfaces have the following
Gaussian curvature at point p on the surface

(! f)TadjH)! f

L (p) =
I
where
| f = derivative off =2A%p = Hp
H = ! ?f = Hessian matrix of = 2A?

adj(H) = adjoint matrix of H = det(H)H' ! = 4 det(A)°A’ °

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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¥ For all implicit surfaces, the normal m at a point p on the surface is

_ L (p)
Al

m

¥ Plugging everything into (1):

det(H)m"H' tm

TR

¥ Remember:fis an ellipsoid, so there must be a 1:1 mapping between
normals m (on the Gauss map) and points p (on the surface)

¥ Next goal: get rid of the ||! f[]? in the denominator

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting
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¥ Look at the term m'H' I m
| f

¥ Usem= TRATI plugging it into previous term, we get
ST (t )& talf _ (Hp'™&' 'gHp) _
11 f[? 1t 112
_pTA)Tp -1
4|A%pl12  2||A%pl|?
¥ Thus,
1
=2m'H' 'm = m'A' “m
||A%pl|?

G. Zachmann Advanced Computer Graphics SS June 2023
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¥ Now, we can rewrite (1):

det(H)m"H' m _ 23 det(A)’m" 2A' 2m

= det(A)’(M' A’ ?m)(m" A’ °m
”! f”2 22||A2p”2 ( ) ( )( )

L (p) =

¥ We can simplify this further by using m'A' ?m = (A’ 'm)?

¥ This is becauseAis special: MMA 2m=m"(A' HTA Im= (A" Im)TA" Im

¥ Intotal: ! (m) = det(A)*(A' tm)*

1 1 g

m) - )AAm)?

¥ Thus: D(m) =

G. Zachmann Advanced Computer Graphics SS June 2023 Physically-Based Lighting 48



Bremen

-~ k-
nu ol "
F &
o o
. cc %
VR

¥ Generalization: allow A = RYg with non-trivial rotation
¥ Effect: predominant normals direction is not along macroscopic normal
¥ Is it really necessary? would it be visible? are there such materials?

¥ Further specialization: choose #x = #, = # (i.e., isotropic NDF)
(note: here, | will write #, instead of #', just for sake of simplicity)

¥ Thus, we get
1

L 4(Am)4

D(m) = with A = diag(' ,!, 1)

¥ You can use this equation as-is, or make it more obviously depend on !
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¥ Use polar coords to representm: m= | Z?nsll :.Ir? " \'<
¥ Consider the term o
(Am)?= 1 ?(cos" sin#)? + | (sin" sin#)® + (cos#)”
= 121! cos")+cos" (using twice cos2+sin2=1)
SR o8t S 1Tl Dood AN

¥ Remember, # is in realityll , and cos! =n%mn, so we stick both back in:

(Am)2= L 1+(121 1)(nm)?
¥ In total, we get:  p(m) = 1 | 8

T(Am)?* ~ !1+(!2! 1)(nm)2"2
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Y a Commonly Used NDF

¥ Often, the so-called Trowbridge-Reitz/GGX is used (which is isotropic wrt.

roughness): 2 2

D(h) = - ' v
(n@)2(1 21 1)+1)2 /wﬁfk/\

where # = roughness

Macrosurface

¥ Often, artists prefer the following transfer function:
l =(1! glossiness$

¥ Glossiness is more intuitive (brighter texels in the "roughness" texture means
"more shiny")

¥ Apparently, the square function is aesthetically more pleasing
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Y Example of Roughness, Color, and Metallic Textures ,§

base color - RGB - interpreted as sRGB

metallic- Grayscale - interpreted as linear

roughness - Grayscale - interpreted as linear
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Y The Geometry Function g

¥ The geometry function G=G(l, v, h)
gives the "likelihood" that
micro-facets with m= h= (I + v)
are visible from the outgoing direction
as well as for the incoming light

¥ Simpli! cations:
¥ Gis symmetricinl and v

¥ Whether or not a micro-facet is occluded does not depend on its orientation

¥ Commonly used function (Smith):

G(l,v,h) = G'(NG'(V) GI(x) = nax

(na)(L! 1)+ !

: 2
where | = WZGSSH (again for aesthetic reasons)
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Bremen

U A Current Standard is the "Disney BRDF"

¥ Sometimes in general called metal/roughness work ow

¥ Design principles, in order to make work in the "art department” easier
and more intuitive:

1. Try to be physically correct, but intuitiveness of parameters has priority over
correctness

2. As few parameters as possible
3. All parameter should be in [0,1]

4. All parameters settings and combinations should be possible and lead to
plausible results (no "funny" effects for speci ! ¢ values/combinations)

¥ Has still a lot more parameters than we have covered

¥ But most can be modeled easily by introducing similar, additional terms
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Bremen

Y The Parameters

baseColor
subsurface
metallic
specular
specularTint
roughness
anisotropic
sheen
sheenTint
clearcoat

clearcoatGloss

G. Zachmann

00 01 02 03 04 05 06 07 08 09 10

Advanced Computer Graphics

SS

June 2023

baseColor = the surface color, usually
supplied by texture maps

subsurface scattering approximation

metallic-ness (linear blend between two
different models

incident specular amount

a concession for artistic control that tints
incident specular towards the base color

surface roughness, controls both diffuse
and specular response

degree of anisotropy, controls the aspect
ratio of the specular highlight

additional grazing component

amount to tint sheen towards base color

second, special-purpose specular lobe
(fYr lackierte Ober" Schen)

0 = "satin" appearance,
1 ="gloss" appearance

Physically-Based Lighting
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